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ABSTRACT: We calculate the thermal Euclidean correlators and the spectral functions of
the energy-momentum tensor for pure gauge theories, including at non-zero spatial mo-
mentum, at leading order in perturbation theory. Our goal is to improve the extraction of
transport properties from Euclidean correlators that are computable in lattice QCD. Based
on our results and the predictions of hydrodynamics for the structure of the spectral func-
tions at low frequencies, we show that the shear and bulk viscosities can advantageously be
extracted from the Euclidean correlators of the conserved charges, energy and momentum,
at small but non-vanishing spatial momentum. The spectral functions in these channels are
free of the ultraviolet w* term which represents a large background to the thermal physics
encoded in the correlators of the fluxes.
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1. Introduction

The particles produced in RHIC heavy-ion collisions exhibit sizeable elliptic and radial
flow [[[-[]. This is a signature of collective behavior, which the equations of ideal hydro-
dynamics have been able to describe quite successfully [J—[f]. The leading corrections in a
gradient expansion of flow velocities is parametrized by shear and bulk viscosity, n and (.
Detailed viscous relativistic hydrodynamics calculations [§-[[J] find that the experimental
data excludes a shear viscosity to entropy density ratio larger than about 0.3, in agreement
with early rough estimates [[4]. This would make the substance created an exceptionally
good fluid [[5], and it is therefore of primary interest to improve our knowledge of the
transport coefficients of the quark-gluon plasma.

Theoretically, the transport coefficients can be extracted from the imaginary part of a
retarded two-point correlation function; this imaginary part is called the spectral function
and is denoted by p(w). This is the content of the Kubo formulas [I]. By analytic
continuation, the spectral function is also related to Euclidean correlators Cg [[7, (],
which are functions of Euclidean time x(, spatial momentum q and temperature 1", by

coshw(zg — 57)

Cg(x0,q,T) = /OOO dwp(w,q,T) (1.1)
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The spectral functions are odd in w and have everywhere the same sign as w. Since
viscosities parametrize the dissipation of momentum, the relevant operators are elements
of the energy-momentum tensor 7),,. Because the temperatures reached at RHIC are not
much larger than twice the critical temperature 7, where a gas of hadrons rapidly crosses
over to a system with many more degrees of freedom (see [[J] and ref. therein), perturbative
methods [0 -4 are not directly applicable. They can however tell us about the asymptotic
high T" behavior of the viscosities and the associated spectral functions. They also allow us
to familiarize ourselves with the intricate kinematics that arise at non-zero temperature and
spatial momentum, one of the objectives of this work. Finite-momentum meson spectral
functions were investigated analytically in [2F].

Lattice calculations of viscosities [2q—P§, [[]] have so far mostly focused on the Eu-
clidean correlators of Thy for the shear viscosity, and Tj; (or 7T),,) for the bulk viscosity.
Indeed the Kubo formulas read in these cases

p12,12(w,0,T)

nT) == M ===, (1.2)
T Piij(w,0,T)
¢(T) = g Jm ==, (1.3)

where p,,, o corresponds to (T,,T,,). As we shall review in section 3, hydrodynamics,
as an effective theory describing low-frequency phenomena around equilibrium, predicts
the functional form of the spectral functions in these channels, including at small but
non-vanishing q.

Leaving aside the problem of determining the spectral function given the Euclidean
correlator, a particular difficulty in this approach is that the spectral functions grow as w*
(times a power series in «) at large frequencies. This buries the contribution from the small
w region under a much larger contribution (by a factor of at least five) from ultraviolet
modes. The latter contribution is almost temperature independent and therefore does
not advance in any way our understanding of thermal physics. Given that the Euclidean
correlators are determined by Monte-Carlo methods and carry statistical errors, this is a
significant drawback. The difficulty is far more severe than in studies of the charmonium
spectral functions [P9-B1], or calculations of the electromagnetic conductivity [B], because
the spectral function only grows as w? for the vector current 1y;1.

Methods to subtract the ultraviolet contribution to the Euclidean correlator, and hence
to enhance the sensitivity of the lattice observables to the low-frequency region described
by hydrodynamics, have been proposed and implemented @] One of these methods
(subtracting the T' = 0 spectral function) has the virtue of removing the w* contribution
completely, by contrast with a perturbative order-by-order subtraction. The drawback is
that positivity of the integrand in eq. ([[.1) is given up, and a large part of the signal is
lost in the difference, an unfavorable situation from the numerical point of view.

Here, based on the exact Ward identities that follow from the conservation of the
energy-momentum tensor, we show that the spectral function of the energy density operator
with non-vanishing spatial momentum goes to a constant as w — oco. Similarly, the two-
point function of the momentum density operator grows only as w?. This is confirmed by



our perturbative calculation. These Euclidean correlators are therefore far more sensitive
to the thermal effects than the correlators of the fluxes. Yet provided q is sufficiently small,
their low-frequency region is still described by hydrodynamics, and therefore the shear and
bulk viscosity can be extracted from them.

We collect leading perturbative results on the Euclidean correlators and spectral func-
tions in section 2, and discuss in section 3 the interplay of the perturbative predictions with
the hydrodynamics predictions to propose a new way to extract shear and bulk viscosity
from Euclidean correlators.

2. Perturbative calculation

The Euclidean energy-momentum tensor for SU(N,) gauge theories reads

Ty ) = Oy () + 3000 01) 2.1)
0,0 (x) = iéngaFga — FOFS (2.2)
0(z) = %f) Fo S (2.3)
Blg) = —bog®+..., b= 31(11]:;2 (2.4)

In the U(1) case, the summation over the adjoint index a is trivial and of course 3(g) = 0.
In contrast with Minkovsky space, Ty; = 6g; is an antihermitian operator. In particular,
(Toi(z)T0i(0)) < 0 for  # 0, and Pj =i [ d®x Ty;j(z) is the usual momentum operator, for
instance Pj|q) = ¢;|q) for a one-particle state.

In view of the form of the energy-momentum tensor, we consider now the connected
correlators of the field strength tensor and those of the field strength tensor squared, at
leading order in perturbation theory. The expectation values obtained in that approxima-
tion are denoted by (...)¢p and throughout this paper we keep only connected diagrams.
The effect on spectral functions of using Hard-Thermal Loop resummed perturbation the-
ory [BJ] in the region w < T is beyond the scope of this work. Nevertheless our results are
perfectly physical, since they are exact in the U(1) case.

In Feynman gauge, we have

<FMV(‘T)Faﬁ(y)>O = da (b;waﬁ(x - y) ) (25)
¢/M/Ozﬁ(x) = 5uﬁfua($) + 5uafuﬁ(x) - 5uﬁfua(l‘) - 5uafuﬁ(x)7 (2'6)

B d3p ei(poro+px)
f,ua(x) = T%:/ (271')3 p(2)+p2 PaPp - (2.7)

One then easily obtains

<Fﬁu (l‘)Fgg (l‘) Fabﬁ (y)F'ly)(S (y)>0 =da [gbuuaﬁ (517 - y)‘lspa'yé (l‘ - y) + ¢/u/'y§ (517 - y)¢pao¢6 (517 - y):| :
(2.8)



The color factor is d4g = N2 — 1 for SU(N,) and 1 for U(1). To study mixed correlators
(which are functions of (xo,p)), we introduce the spatial Fourier transform of ¢,,s(x),

(Z;,uuaﬁ(paxo) = fd3X ¢uyaﬁ($) ¢’P*_ Then

/ By €Y (F2 (0)F% (0) Fo4(z0,)F (20, ) o (2.9)

3 ~ ~ ~ ~
=da / (ZTI)):; [¢uuaﬁ(pa $0)¢pa’y§(_(p+q)7 $0)+¢um/5(pa $0)¢paaﬁ(_(p+q)v $0)] .

The integral is worked out in appendix [A]. The results are of course gauge-invariant. In the
next two subsections, we present the results in a number of channels of physical interest.
Throughout this section, we align the spatial momentum with the z-axis, q = ¢é3, ¢ > 0.
Since the spectral function is odd in w, we also choose w > 0 without loss of generality.
The most general results are given at the end of the section, however we find it useful to

give the explicit form in the simpler cases of zero temperature or zero momentum.

2.1 Zero temperature

At T = 0 and zero spatial momentum, by dimensional analysis, the correlation functions
at tree-level all fall off as 1/z3. With finite-momentum and for z¢ > 0,

- dge10
[ e Tt T 0 = 355 a0+ 2) (P + 3w +6), (2.10)
0
dab(w —
p13,13(w, q) = Wuﬂ(uﬂ - q), (2.11)
o 4d =00
/ e Tia(w)Tia(0)ho = 585 (3 amo + o) (2.12)
0
dab(w —
p1212(w, q) = W(uﬂ -¢*)?, (2.13)
3. iqx 2dpe” 10 2 92 33, 4.4
d°x e"¥*(f33(x)033(0))g = T(dn)2et (24 + 24qzo + 12¢°z5 + 4¢° x5 + ¢"xp), (2.14)
0
2dA0(w —
p33,33(w, q) = Ww‘l, (2.15)
: 1la,N,.\ > 2d 460
3 1q-X _ s-'c 2.2
/d x €' 9*(0(x)0(0))o < o ) (4m )2 (3 + 3qzo + q°zj) , (2.16)
poo(w,q) = < o > 1(1n)? (W —q%)~. (2.17)
. 2 aqtem0
3y pidX _ zeAqe 7 2.1
[ e (a0 = SALE (218)
2d40(w — q
po0,00(w; q) = % * (2.19)



2.2 Finite temperature

The q = 0 correlation functions of interest are

[ @ (00 ot )o = AT (2.20)
/ Bx (0(0) o () Yo = 0, (2.21)
a 2 5 -
/d3x (6(0)6(x) Yo — (”6;NC> ot <f(T) - @>, (2.22)
5 7.‘.4
/d3x (012(0) b1 Yo = 32571“3 <f(7) _ 5) , (2.23)
5 7.‘.4
/d3x (611(0) 611 )0 = 12?5% <f(7') - %> ) (2.24)
where 7 = 1 — 2Tz and
&0 cosh’rs 74 3 n n
1) = /0 ds * sinh?s 60 + 4 Z (n—7)° + (n+71)°" (2.25)

The two point function of [ d®x Tyo(x) is time-independent, as expected for a conserved
charge. The spectral functions in the tensor and scalar channels read (see for instance [B4,

24])

da wt 21\ 2 4
0,7) = — | dAT"wé 2.26
p12,12(w,0,T) 10(4r)? tanh 2 + <15> AT" wé(w) (2.26)
da 11lag N, 24
0,7) = . 2.27
Po.6(,0,T) A(4m)2 < 6 ) tanh = (227)

2.2.1 Finite momentum
For a polynomial P, we define

: w

P(z) sinh 55
w gz
cosh 55 — cosh 5%

P(z) sinh 55

gz w
cosh 5T cosh o

1 oo
I([P],w,q,T)zH(w—q)/O dz +9(q—w)/l dz

(2.28)

Then the spectral functions read
pi313(w, ¢, T) = S(Z?T)z W(W?—¢%) T(1 - 2*,w,q,T), (2.29)
pi12,12(w,q,T) = 3 ?2702 (W? — ¢*)? Z([1 + 62 + 2%, w,q,T), (2.30)
p3333(w,q,T) = 4(21171;)2@04 Z([(1 - 22)2],w,q,T), (2.31)
po.o(w,q,T) :<szTNc>2 4((2;)2 (w? = ¢*)? Z([1],w,q,T), (2.32)
pogn(w.0.7) = 15z 0" T - #PLw.a.T), (2.33)
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Figure 1: The function ﬁ [p(w,q,T)/ tanh(w/2T)—p(w, q,0)] for ¢ = 7T For the trace anomaly
0, the factor (11asN,./6m)? has been dropped.

—po1,01(w,q,T) = S Gn? q2(w2 _ qz) Z([(1 - z4)],w,q,T), (2.34)
—posos(w,a, T) = 4(‘111%2 Pu? T([(1— 22, w,¢,T). (2.35)

One finds that

w oT sinh(w + q)/4T
I([1,w,q,T) = ——8(g —w) + — 1
(e, T) = = 6la —w) + == log ToAP— 7

(2.36)

and hence the trace anomaly correlator can be expressed in terms of elementary functions.
The integrals with 22 and z* in the numerator can be expressed in terms of polylogarithms,
explicit formulas are given in appendix [J. A few spectral functions are displayed on figure 1.

3. Physics discussion

At small momentum and frequency, the expression for the spectral functions of the mo-
mentum densities are predicted by hydrodynamics (see [BJ] for an explicit derivation),

_poro1(w,q)  wg—0 7 ¢ (3.1)
w Tw? + (ng?/(Ts))?’ '

_903,03 W, q) qu'\‘—’o %77 + < w2q2 (3 2)
w T (w2 —v2¢?)? + (weP(3n + () /(Ts))?’

where s is the entropy density, v, is the velocity of sound and q = ¢és.



Based on the fact the matrix elements of d,T*" vanish between any two on-shell states,
the Euclidean correlators of the charges and those of the fluxes are related in a simple way.
We emphasize that these relations are exact, since they derive from a Ward identity. In
terms of the spectral functions they read (q = ¢és)

w! Poo,oo(MQ) = q4p33733(w,q) (3-3)
—w? P01,01(W7Q) = q2 P13,13(W7Q)

—w? 003,03(% q) = q2 P33,33(W, q).

These relations are in particular satisfied by our treelevel expressions, eq. (R.29)—(R.39).
Note that the minus signs on the right-hand side of eq. (B.4)-(B.J) are absent in Minkovsky
space (they come from the definition of Tpy itself, see the remark at the beginning of
section 2).

Equations (B.4)-(B.5) and (B.1)-(B.2) can be combined to obtain ([.2) and ([.g), which
have so far been the basis of the calculation of shear and bulk viscosity using lattice Monte-
Carlo techniques [P —P§, [[7]. In that strategy, the momentum q is set to zero at the outset,
and w is sent to zero at the end.

However, in view of eq. (B-1)—(B-J), the shear and bulk viscosity can be extracted from
the low-freqency behavior of the spectral functions for the four charge densities Tp,,, as long
as q # 0. The advantage of using these correlators is that the ultraviolet contributions
are highly suppressed compared to the correlators of the spatial components. We may
illustrate this point by two numerical examples.

In eq. (2:28), relevant to shear viscosity, the w*/tanh 2 term contributes for 86% to
the Euclidean correlator at ¢ = 1/2T". By contrast, in the pg; o1 channel for ¢ = 77/2, the
contributions to Cg(xg = 1/2T)/(d4T?) coming from w > ¢ and w < ¢ are respectively
~ 0.04 and 0.6, assuming the treelevel form (eq. R.34) in the first region and eq. (B.1]) with
5= %SSB = %dAﬂ'sz and n/s = 1/4x in the second.

In the energy density channel, the increase in sensitivity to the low-frequency region
of the spectral function is even more dramatic: for ¢ = 77'/2, the contribution to Cg(xzo =
1/2T)/(daT®) from w > q is merely ~ 0.01 based on eq. (R-33), while the sub-threshold
contribution is about 1.9 for s = %SSB, = %, n/s = 1/4m and ¢ = 0. These values are
inspired by the strongly coupled N' =4 SU(N,) SYM gauge theory, which can be studied
by analytic AdS/CFT methods (see for instance [Bf] and ref. therein).

One of the key issues in practice is to achieve sufficiently small ¢ for the hydrodynamics
prediction to be valid below threshold. One will want to reach ¢ < 77'/2 and check this
explicitly. Since ¢ = 27 /L is the smallest momentum available in a periodic box, this
requires simulating in rather large spatial volumes. Approaching a second order phase
transition, it may become impractical to reach sufficiently small momenta. Anisotropic
lattices [B7, [[§] can help to achieve large physical volumes while keeping discretization errors
under control. From the algorithmic point of view, having a non-zero spatial momentum
is a particularly favorable situation for the multi-level algorithm [B§-[(], since it allows
the ultraviolet fluctuations to be tamed very efficiently. Indeed non-perturbative, non-zero

momentum correlators of the momentum fluxes were presented with 1% precision in [[L§].



In the case of the vector current 1/?7u1/1, it may also be profitable to exploit the cor-
relator of the charge density with non-zero momentum. Non-zero momentum correlators
of the current have been computed with good precision [[]], exploiting twisted boundary

conditions to scan low momenta more easily.
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A. Calculation of Euclidean correlators

In this appendix we derive a form of the Euclidean correlators which is well suited for
accurate numerical evaluation. We start with (T12(0) Th2(z)), and then give results for
other channels treated in the same way. The orientation of the momentum is specified by
q=qé;, i =1,2,3. The color factor d4 is omitted.

A.1 The (T12(0) Th2(z)) correlator

(T12(0) Tia(x)) = ((F10F20)(0) (F1oF20)(x)) + ((F13F23)(0) (F13F23)(x))
+2 <(F10F20)(0) (F13F23)(33‘)>. (Al)

Explicitly, the tensor QNSWag reads

ZpO-TO
¢uuaﬁ paxO = Z 2 [ vB PuDa + 5uapup6 6#6 PvPa — 5Vapupﬁ}-
In the T' — 0 limit of course one can make the substitution ;- f dpo . Defining
1 d3p etPozo etd0zo
L(% —~ (27‘(‘)3 (pl pO)p(Q) + p2 ((p2 Q2) QO)qo + (p + q)2 ( )
1 d3p etPoo 900
B=— + @) A3
3 2 | Gop PP (p1+q1)(p2 + ¢2) 2T a? (A.3)
1 dp €'PoTo PRIGES
C= — (P4 P2 —— (P24 @)% + (p3 + 3)? | 5——— , (A4
Lngq:O/ g (p1 pg)p%erg (P2 +q2)” + (p3 + q3) ]q3+(p+q)2 (A.4)
_ d3p etPoTo 900
D=— +q3) 5, A5
Lgmzm/(z B Pops a0 ——— q0(p3 Q3)q3+(p+q)2 (A.5)
we have
/d3xeiq'x<F10F20)(0) (FioFao)(z)) = A+ B, (A.6)
/d3X eiq'x<F13F23)(0) (F13F23)(x)> =B+C, (A7)
/ dPx €% (o Fho ) (0) (Fis Fag) (z)) = D. (A.8)



Using the Poisson summation formula, we obtain

2
A= 1 Z / )((pz-l—gz) (p+q) ) e—\p||:c0+mLo| e—|p+quo+nL0|7 (AQ)
4 = p|Ip+q]
B — 1 Z / 3 p pip2 pl + Q1)(p2 + Q2) —|pHx0+mL0| e—|p+qu0+nLo\ (AlO)
4 o pl[p + 4 ’
2 2
oL 3 / (P +03) [(P2+92)*+ (p3+43)°] ¢—Ipllao+mLol ~lp-tallzotnlol (A 11)
4 =, p||p+d
1 Zo Zo d3 L — L
p_1 <_) < )/ ~Iplleo+mLol o—[p+al lsotnLol (A 19
1 mzn;Z sm( T, ,) | @rp p3(ps +qs) e e (A.12)
where
sp(x) = sign(x +n). (A.13)

Integrating in spherical coordinates leads to

3. QX 3 xo+mLolk
/d x e <T12(0)T12 647‘1’2 Z / k°dk e” |zo ol X
><{k\/k2+1(JA+2J3+Jc)(q\xo—FnLO]\/k +1 /<;2+1 > (A.14)
2(k2 + 1) s | 22 I Lo| V2
e (2) () o 20}

where
A dy
Jape(x, A k) = / ——— VI Py c(y/A, k) (A.15)
—_AavV1ity
A
In(z, A, k) = / dy e=™VTF Pp(y/A, k). (A.16)

Via the change of variables u = /1 + y, these integrals can be obtained in terms of the
function

oo, A) = = (e VT emeVTEA) (A.17)
xr
We have
d2
JA,B,C(:Ev Av k) = 2PA,B,C <A_1 <@ - 1) 5 k> g(ﬂj, A) (A18)
I Ak) = —2% pp (-t (1) k) oo a) (A.19)
D\T, A, - dr D de ) g\z, .

k1
Note that /1 + A |k2+‘ for A = kg_kH

One then obtains the correlator in the form

5

x x x
/ @ (T (0) T”(:”»:%n;f ([H]; m(L—g><L—z)q|o +mLo|,q|xo+nLo|) ,
(A.20)



where
e’ H(87 €, y) —e Y H(S, Y, 33‘)

g((];s,2,y) = (22 — y2)5

= g([]; 5,9, x) (A.21)

and the appropriate polynomials I will be specified below for a few cases of interest. The
function g will always be finite at x = y, and we give the first two terms in the expansion
around this point, which is useful when implementing expression (JA.2() numerically. Since
the series in n and m are exponentially convergent, only a few terms are needed to reach,
say, a precision of 1076.

Consider the case q = (¢,0,0), ¢ > 0. Relabelling the p-coordinates p; — ps3, ps — po,
p2 — p1 in eq. (A.12) before going to spherical coordinates, we obtain,

Paly k) = (1 —y?) <y2 + %y + % + 1) : (A.22)
Ps(y, k) = y(1—y°) <y + %) : (A.23)
Pe(y,k) =1 -y, (A.24)
Pp(y,k) = 1—y?, (A.25)

and from there

21075 15 (s, ,y) = 4608 + (6 + 2)(768 + (240 + x(72 + x(10 + z)))) (A.26)
—4sx(48 + x(48 + (12 + z)))y
—(96 + x(96 + (120 + (32 + 3x))))y>
+852(6 4 2)y® + (6 + ) (=2 + 3z)y* — 4sy® — o/,

) = s {2 BT 504307 4 55) 120+ 03

5 1 1
g<[H%712];s,x+§e,x——e 54025

2
62
+% ((39—1—218—1—:173 (4+s)+3x(13+7s) +$2(17+8$)))

+O(64)} : (A.27)

In eq. ([A.27), we have defined g by continuity.
For the case q = (0,0, ¢), ¢ > 0, we obtain

Pa(y, k) = iy‘l + %y?’ + <% + g>y2 + %y + % + i , (A.28)
Ps(y,k) = %(1 -7, (A.29)
Pe(y, k) = Pa(y) , (A.30)
Pp(y, k) =2y <y + %) , (A.31)

— 10 —



and further

T3 15 (s,@,y) = —576 — 2(4 + 2)(144 + 2(48 + 2(24 + 2(6 + 7))))(A.32)
+252(96 + (96 + x(48 + z(11 + x))))y
+(—48 + x(—48 + (48 + (—4 + x)x)))y?
—4s2? (5 + 2)y® + x(14 + 2)y* + 2s(—1 + z)y° — ¢/°.

5 1 1 -
g<[H%712]; s,x+§e,az—§e> = ;LW {21 +z(21 +z(9+x(2+x))) (A.33)

+5(15 — (=154 (-1 + z)z(3 + x)))
+;—2 <69 —223(—1+s) — 2} (—1+ ) + 63s

22(25 4 195) + (69 + 633)) + 0(64)} .

Note that the polynomials Papcp(y,k) all have the symmetry Papcp(—y,—k) =
Pasep(y, k).
A.2 (T1;T1;) with momentum along z direction

For [ d3xe'@*(T11(0)T11(x)), the polynomial is

—I07} 44 (5, 2,) = 4608 + 2(4608 + x(2112 + x(576 + 2(108 + z(14 + 7)))))
+sx(2 + 2)(120 4+ (60 + (12 + x)))y
—(19242(1924z(24+2(4+1))))y* — 252 (18+2(8+1) )y

— (=12 +z(10 + 2))y* + s(2+ 2)y° + 45, (A.34)
: 1 1 -
g<[H§11,11]5 5,2+ 5¢, x—§e> = 4;0335 {66(1 + )+ 222 (15 + 2(4 + ) + (A.35)

(30 + 2(30 + 2(15 + 2(5 + 2))))
2
+;—6(138+138$+x4(2+s)+x3(8+5s)+x2(54—|—58))

+O(e4)} .
A.3 Scalar correlator with non-zero momentum

For %Zu<v,p<o [ d*x eiq"‘(Fiy(O)FgU(a;», the polynomial is

—Hg?e(s, z,y) = (12 + (6 + ) — 2s23(24 + (9 + z))y (A.36)
—22(=72 4+ (=12 + 2)z)y? + 4sx(—12 + (3 + z))y®
— (=124 z(18 + z))y* — 2s(=3 + x)y° + 4.

s 1 1 —
g([HZ?GL s,gj—|—§€,gj—§e> = 246101'5 { — 33‘4(—1—|—S) + 45(1+S) + 4533(1—1—8) + 15$2(1+S)

€2

+%( — 214 5) 4+ 105(1 + s) + 105z(1 + s) + 3522 (1 + s)) - 0(64)} . (A.37)

— 11 —



B. Calculation of spectral functions

In this appendix, we show how to obtain eq. (.29)-(R.3) in the case of the (T12772)
correlator. Other cases can be treated in exactly the same way. In this section ¢ is
understood to be in units of 27". Using the propagator in the mixed representation,

- , (B.1)

1 Z iPozo 1 cosh |p|(3 Lo — z0)
Lo pi+p>  2/p| sinh |p|Lo

we obtain (17 =1 — 2Txg)

ABC= /Oop‘ldp/ldx#PABc(x 73) (B.2)
T w2 Jo o PP+ @+2pgr T\ g
cosh(p + v/p? + ¢ + 2pqx)T + cosh(p — /P2 + ¢% + 2pqx)T
cosh(p + v/p? + ¢% + 2pgz) — cosh(p — \/p* + ¢* + 2pqx)

For the term proportional to cosh(p + \/p? + ¢ + 2pqx)T, we do the change of variables

p = %, which brings this expression to the desired form cosh(k7) on the integration

interval k[g°.

For the cosh(p — \/p? + ¢% + 2pqz)T term, we choose p = %, which achieves the
same on the integration interval k|¢;. We then notice that if F(—x, —k,q) = F(z,k,q),

1 q q 1
/ daf;/ dkF(x,k, q) :/ / F(zx,—k,q).
—1 qz 0 J-1

One therefore finds that the first term determines the spectral function above the threshold
q, while the second determines it below gq. We write

p(w7Q7T) = p<(w7Q7T) +p>(w7Q7T)7 (B3)

where the first term vanishes for w > ¢ and the second for w < gq.
After some algebra,

T40(k — q) sinh k(k? — ¢°)°

PAB.C,> (2kT7 2qT7 T) = 6472 (B4)
k2_ 2
/1 xPA,B,C(%WJqux)) 1
_1 (k + qx)8 cosh k — cosh q% .
and after the further change of variables x = ZZ_ ;Z, we obtain
T*0(k — q)sinh k
paBc>2kT,2qT,T) = it) (B.5)

6472
/1 dz(k — qz)* kz—q k—gqz
Papc ) :
_1 coshk — cosh gz k—qz" 2q

After the change of variables p = p(k) but before the change of variables x = z(z),

the sub-threshold part, p-(2kT,2¢T,T), has the same expression as p~. However, in
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order to perform the change of variables x(z), the integral must first be split, f_ll dr =

f__lk/ Tde + f_lk /q dx. These integration intervals are mapped to the z-integrals f_ and

[o.¢]
floo. Because ‘é—”zc < 0 on these two intervals, a minus sign relative to p~. appears. One thus

finds
T%0(q — k)sinhk [ [t [
pase (AT 21, T) = THIRERE ([ [T (1.6)

dz(k — qz)* kz—q k—qz
Pagsc ) -
cosh gz — cosh k k—qz 2q

For the contribution

Do T_25 /1 /°° dpp* P (. D) OB+ VPP + ¢ 1 2pgr)T — cosh(p — Vp? + ¢ + 2pg)
™ J-1Jo 4" cosh(p+ /p? + ¢% + 2pgx) — cosh(p — /p? + ¢ + 2pqx)

(B.7)

we follow exactly the same steps as for A, B,C and find

T40(k — q) sinh k
6472
/1 dz(k — q2)%(k% — ¢%22) <k‘z—q k‘—qz)
Pp .

_1  coshk — coshqz k—qz 2q

pD,>(2k7Ta 2qT7 T) =

(B.8)

For the sub-threshold part (which includes the minus sign in the numerator of eq. (B.7)) we
find the same expression as for p~ before the change of variables x(z). Therefore, again, in
the final expression p. has a relative minus sign as well as the complementary integration
range as compared to ps,

T%*0(q — k) sinh k -1 >
pp<(2kT, 27, T) = T ( [+ ) (B.9)
™ —00 1

dz(k — q2)%(k% — ¢%22) P kz—q k—qz
cosh gz — cosh k P\k—qz" 2¢ )

Finally, in view of the symmetry P(—y, —k) = P(y, k) of the relevant polynomials, f_ll can
be replaced by 2f01 and f__:o + ffo by 2 floo.

C. The spectral function in terms of polylogarithms

Polylogarithms are defined by the series Li,(z) = >, z—i and analytic continuation
thereof. The integrals appearing in the spectral function are given as follows in terms
of these special functions:

QP I([z%];2Tw,2Tq,T) = —q° ((log(1 — e9™") — log(e" 19 — 1)) (C.1)
—2q (Lig(e9™") — Lig(e“ ")) + 2 (Lig(e9™") — Liz(e" ™))
+imq® — % (1+6(q—w)) (W3 — 2w + 32'7TW2)

o® Z([zY];2Tw,2Tq, T) = —q* (log(l — ™) —log(edtV — 1)) (C.2)

- 13 —



—4q® (Lig(e%™") — Liz(e¥ 1)) + 12q* (Liz(e? ") — Liz(e9™™))
—24q (Lig(e%™™) — Lig(e9™™)) + 24 (Li5(e9™") — Lis(e9™™))

1
+imgt — T (1+6(q—w)) (3w® — 20m*w® — 8w + 15imw?)

The integral with 20 in the numerator can be expressed in terms of elementary functions,
see eq. (R.36)). Hence in all cases the expressions on the left and on the right of the threshold
differ by a polynomial in w. In order to simplify expressions eq. ([C.1) and ([C.9), we have
used the identities

5 2 4

w s T s

Liz(e™™) — Lis(e") = — — —w’ - —w+ —w' C.3
(€7 ~ Lis(e™) = 755~ gV Vg™ (©3)

3 2 .
Lis(e™™) — Lig(e™) = — — w4+ L2, (C.4)

6 3 2
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